Experimental demonstration of active vibration and structural acoustic control using shape memory alloy (SMA) hybrid composites [C. A. Rogers, in Proceedings of the International Congress on Recent Developments in Air and Structure Borne Sound and Vibration (to be published) ] has provided the motivation for investigating new control schemes and developing more accurate models. This paper will briefly describe newly developed constitutive models for shape memory alloy actuators and the hybrid material system. A general dynamical model for laminated SMA hybrid composite beams and plates will be presented with several theoretical results. A new structural acoustic model for laminated composite plates [ Liang et al., J. Sound Vib. (to be published) ] will be briefly described and the potential for active structural acoustic control using SMA hybrid composites demonstrated by numerical simulation.
INTRODUCTION
Recent work on novel concepts for both sensing and driving transducers has created strong interest in the active control community (Dimitriadis, et al., 1989) . A great deal of work has concentrated around the development and implementation of spatially distributed acutators (Hagood et al., 1989; ) and sensors (Claus et al., 1989) . The advantage of distributed control as contrasted to point control has been demonstrated by Meirovitch and Norris (1984) . Thus, shape rpemory alloy hybrid composites have been developed (Rogers and Robertshaw, 1988a) and experimental demonstrations (Rogers, 1990; Saunders et al., 1990 ) have indicated that this adaptive composite material presents unique paradigms for structural control.
Control of structural acoustic radiation from SMA hybrid composite structures was recently introduced as an important application of SMA hybrid components fibers . Since the characteristic frequencies and mode shape can be modified by activating the embedded SMA fibers, it is possible to modify the sound radiation from the structure . . A more detailed discussion is presented in Sec. III. One of the important aspects of how structures radiate sound is the radiation efficiency, which is defined as the ratio of the acoustic power that a structure radiates to power radiated by a piston of equivalent area vibrating with an amplitude equal to the time-spatial average of the structure. Analytical work on simply supported panels with embedded SMA fibers of various configurations has shown that when the actuator fibers are activated then significant modification of the associated acoustic field is achieved . This effect has been demonstrated to be due to changes in the panel mode shapes and thus the structural acoustic coupling when the fibers are activated.
Obviously, if the geometric mode shapes of a composite panel can be modified, the natural frequencies of the structure can also be significantly altered. shown the validity of using SMA hybrid composites to minimize subsonic, structural acoustic radiation.
One of the critical needs to further explore the potential of this unique type of adaptive material system is a refined constitutive and dynamical model. This paper presents the first attempt at developing a complete model beginning with the behavior of the shape memory alloy constituent, including a laminate model and resulting in a unified structural acoustic model for adaptive orthotropic plates.
I. CONSTITUTIVE RELATIONS
A. Behavior of shape memory alloy fibers A plastically elongated shape memory alloy fiber will tend to return to its original shape when activated by increas- ing its temperature above the austenite start temperature; however, the amount of shape change or restoring strain depends on the activation temperature, the initial plastic deformation, Co, and the percent martensite volume fraction. The significant dimensional change is only in the fiber direction because the shape memory phenomena is due to the crystal structure change (twinning). This does not result in a large volume change representative of diffusion phase changes and therefore will not affect the dimension in directions other than the fiber direction beyond Poisson's contractions. Figure 4 (Jia and Rogers, 1989a) shows the typical nonlinear coupling that exists between the recovery stress, initial plastic strain, and the activation temperature. In shape memory alloy hybrid composites, shape memory alloy fibers, or actuators with an initial plastic strain eo are embedded in a "matrix."
Recall that the "matrix" referred to in this discussion may be a composite material itself, such as graphite-epoxy. The entire material system may then be strained e, which is added to the initial plastic strain Co. The induced global strain ß may be the result of external mechanical loading or from contraction of the material system resulting from activation of the shape memory alloy fibers or actuators. Therefore, the total strain of the actuator ß a will be ß a =% +ß.
The resulting stress in the SMA fibers upon activation is, therefore, a nonlinear function of initial plastic strain and the activation temperature of the fibers. This relationship can be expressed simply as
where A is the state variable of the martensite transformation.
It will be shown in the next section that the state variables also involve the martensitic fraction •. When the SMA actuators are employed in our concepts for active dynamic tuning, shape control, structural (i.e., buckling) control, etc., the incremental strain e will be small. In this paper, we assume this strain is within the elastic limit of the shape memory alloy fibers even though the fibers have been initially plastically elongated. Confining the strain to this linearelastic range simplifies the development and results in the following quasilinear expression relating the actuator stress and strain. Because the restoring stress and Young's modulus both are nonlinear functions of temperature and strain, an * will be used to denote that quantities that are a function of the state variable E,* --E(A) , 1989b) . The stress-strain relationships for this substructure containing a single SMA fiber actuator embedded in a matrix have been developed. In Fig. 5 (b) , the stresses in a cross section of the substructure is shown. The stress in the matrix am is generated by two sources, external forces and the actuation of the SMA fibers. The stress tr, in the SMA ac. tuators are also induced by two sources, the external mechanical loads and the constriction of the matrix material resulting from the shape recovery after actuation.
One point needs to be made clear concerning the stress components tr, and tr m. Even though two sources are responsible for each of them, the total value of either of them is not the simple superposition of the two effects because the stress-strain relationships are not linear. Therefore, the methods typically used in treating thermoelasticity problems are not suitable in this situation. 
The stress-strain relationship for the SMA-matrix system is formulated by substituting Eqs. (10) and ( 11 ) One of the fundamental needs in formulating a model to describe the behavior of SMA reinforced hybrid composite lamina is an appropriate micromechanical constitutive relationship. For the purpose of this paper, the micromechanical law used is the rule-of-mixtures. Any micromechanical model could be used and future work will involve investigating the micromechanical response of SMA reinforced composites. However, the rule-of-mixtures relate the global me-chanical properties of the lamina to the two constituents, namely the SMA actuators and the "matrix." Recall that the Young's modulus of the actuator fibers is a function of the activation temperature and strain which naturally means that all of the lamina properties will be similarly nonlinear. 
where subscript "1" refers to the direction of the SMA fibers while "2" denotes the transverse direction of the SMA fibers.
Based on these relations, the temperature-strain-dependent compliance matrix may be written as: The two-dimensional model is a natural extension of the onedimensional model. The general two-dimensional model essentially involves incorporating the tensor transformations appropriate for describing the planar stress-strain behavior of transversely isotropic lamina. However, the most fundamental two-dimensional relationship simply describes the stress-strain behavior in the principal coordinate system. Unlike conventional materials, may they be linear-elastic, elastic-plastic, or possessing any other nonlinear behavior, SMA hybrid composites have a characteristic or tensor quantity that must be incorporated into the basic stressstrain relationship--the shape recovery stress tensor. In the section above, the one-dimensional stress-strain relationship that was derived contained a shape recovery stress term added, as a vector, to the classical rule-of-mixtures "linearelastic" constitutive relationship. Using the resulting temperature-strain lamina properties the following two-dimensional relationships for a transversely isotropic lamina can be expressed in the principal coordinates as (Whitney, 1987 where "c" and "s" are the cosine and sine of the transformation angle, respectively. Equation (20) is the stress-strain relationship for a single layer, or lamina, of SMA reinforced composite. Each lamina of a laminate will therefore have a different effective stiffness and resulting stress-strain relationship depending on: the fiber/actuator orientation, the actuator volume fraction, and the activation temperature of each lamina. For laminate analysis, each lamina must be first evaluated as described above and then denoted by using the superscript (k) to identify individual plys.
B. Constitutive model for shape memory alloys
The reversible thermoelastic martensitic phase transformation of shape memory alloys is the fundamental physical transduction mechanism utilized for active control. However, the constitutive models that have been proposed and published in the last 30 years have lacked several important fundamental elements and capabilities which are essential for the active control schemes described in this paper. As a result, a complete unified one-dimensional constitutive model was developed that allows for rigorous investigations of many of the important material characteristics involved with the internal phase transformation of shape memory alloys ). These characteristics inelude energy dissipation in the material that governs the damping behavior, stress-strain-temperature relations for pseudoelasticity,-nd the shape memory effect.
There are basically two approaches generally considered for developing a constitutive relation for any material. One is the macroscopic phenomenological method that requires a significant amount of experimental work; the other is the microscopic physical method that derives the constitutive relation from fundamental physical concepts. The phenomenological approach is often used in engineering practice but can rarely explain the physics behind its material behavior or character. The microscopic physical method can successfully provide the fundamental explanations to different experimental phenomena, however, numerical predictions and simulations are often complex and distant from phenomenological observations. Miiller (1979 Miiller ( , 1985 has developed a model based on shape memory phenomenology, thermodynamics, and statistical physics. Tanaka and Nagaki (1982) developed a model similar to Miiller's in which the phase transformation is governed by the minimization of the Helmholtz free energy. Tanaka's model uses the energy equation and the Clausius-Duhem inequality to describe the hysteresis associated with the phase transformation. This approach has been ex-one-dimensional phase transformation mechanics (Tanaka, 1986) , pseudoelasticity associated with stress-induced martensitic transformation (Sato et al., 1986 ) and the damping behavior of shape memory alloys (Sato and Tanaka, 1988 implementation. In this model the state variables for the material are stress, strain, temperature, and extent of the transformation ,e, which is defined as the martensitic fraction and schematically shown in Fig. 6 . Since only three of these variables are independent, the state variable is defined as
The Helmholtz free energy is defined as strained from being restored to its original length. This restraint causes large internal "recovery" stresses to be generated. The third category is called controlled recovery. In this case, some residual martensitic strain is restored (the restored part is called the recovery strain), but the wire is still under some tension which is required to prevent full recovery of the residual strain.
For active vibration and structural acoustic control using SMA hybrid composites, the most important class of problems is the controlled recovery case. Controlled recovery is defined as the shape memory recovery process during which some recovery strain is allowed during the heating and cooling cycle, such as the recovery strain that is ob- 
Assuming the loading is proportional to the recovery strain (which applies to most SMA actuators) and modeling the actuator system as a SMA wire of cross section S, in parallel with a spring of spring rate k, length L, the stress-strain relation for the spring is
0'--Wo = ( kL /S) (•res --•r), (29) where •res is the residual strain. Substituting this expression into the constitutive equation, Eq. (28), yields (1 +sD/kL)(W--Wo) =©(T--To) + fl(•--•o). (30)
The equation above can now be used to determine the recovery stress and/or recovery strain for any specific temperature and path by first calculating an initial value of the martensite fraction using the phenomenological cosine expressions developed by Liang and Rogers (1990), which are functions of the stress and therefore results in an iterative solution.
This improved model more accurately predicts the experimental observations using the most basic material constants required to completely describe the behavior of shape memory alloys. This model greatly improves the accuracy and reliability of simulations of structural control using SMA factor actuators.
II. PLATE DYNAMICS RELATIONS

A. Formulation
A symmetric SMA reinforced laminate may be described by the following governing equation ( 
where "a" and "b "are the dimensions of the plate in x and y direction, respectively.
At this point, the unknown coefficients (A} are determined and the deflections calculated using the assumed solution of Eq. (32). Because of the approximate nature of the Ritz method, care must be taken to insure convergence of the solution and that the coupling terms, Dl6 and D26 , are accounted for appropriately (Whitney, 1987) . The values of M and N must be chosen to satisfy the convergence requirement. In our calculation, we found that M = 7 and N = 7 insures convergence.
B. Bending of simply supported plates
The pure pending of a plate is a static problem,. In Eq.
(33) the inertial term and damping term should vanish. Using the procedure as described above, we can get the same form of the system equations:
where q(m+ l)N+n = qXm Yn dx dy.
The solution from the linear system can be substituted back into Eq. (37) to find the deflection.
C. Free vibration of simply supported plates
In the free vibration case, the external forcing term does not exist. To find the system's undamped natural frequency, the damping coefficients Co are to be zero.
Once again, we have the linear equation system: SMA reinforced composites can be manufactured and designed several ways with the actual lay-up sequence being an integral tailoring parameter for effective structural control (Barker, 1989) . In all of the formulations, analysis, and experimental results presented in this paper, the structures are symmetric. There are two primary lay-up schemes used to embed the SMA fiber actuators. In the first, the nitinol fibers are embedded to coincide with the principle material direction of the "matrix" composite lamina and is referred to as embedding in the Ell direction. Likewise, the second technique is to embed the actuator fibers in the E22 direction of the lamina so as to create a more significant change in a 'stiffness' term of the lamina. Recall that the Young's modulus of nitinol is typically controllable between 4 and 16 Mpsi, which is significantly lower than Ell for graphite/epoxy.
The variations and modifications of the mode shapes for a [ q-45*/--45'/0'/90']• square plate controlled by ASET are shown in Fig. 1 . For the case in which 90-deg laminae are activated, the mode shapes change considerably from the inactivated plate. The fourth mode shape of the 90-deg ply activated plate is essentially the 10th mode shape of the inacrivated plate. The ability to change the mode shape of a structure has significant impact on the control of structural acoustic radiation. For example, the third mode of the 90-deg activated plate has a higher radiation efficiency than the third mode of the inactivated plate, which will result in a considerably different transmission loss profile as will be discussed later in this paper. Currently, a design and control methodology is being developed to demonstrate the ability to significantly alter the mode shape of a structure without necessarily changing the resonant or natural frequency.
A. Structural acoustic theory
Before discussing the analysis of transmission of sound through composite plates, it is first important to understand the modal behavior of orthotropic plates. 
where w is steady-state excitation radian frequency, c is the speed of sound, 0i is the polar incidence angle, •bi is the asimuthal incidence angle, and P Fig. 9 . First, for a given frequency, the transmission loss may be changed as the result of the change in the mode shape. Secondly, the overall plate stiffness can be seen to markedly influence the transmission loss characteristic. The transmission loss is reduced in an average sense over the entire frequency range being examined here and for which no explanation is apparent at this time. However, in some frequency ranges, the transmission loss may be increased by activating the SMA fibers. It is believed that as the activation degree changes (by using different activation temperatures or activating different amounts of embedded SMA fibers) the transmission loss could be controlled (either increased or reduced) in different frequency ranges. Another point is that for the same mode number, the transmission loss may also be varied greatly. For example, the fourth mode of the inactivated plate which occurs at 144.44 Hz has a transmission loss of 7 dB higher than that of the fourth mode of the activated plate. is thus a shift in the first drop in the transmission loss curve due to an increase in the fundamental resonant frequency; there is little change in radiation due to an alteration of radiation efficiency. This suggests that activation of segments of the embedded fibers may lead to an increase in distortion of the fundamental mode and a significant increase in transmission loss due to radiation efficiency characteristics. Further work will concentrate on optimizing changes in mode shapes and stiffness in order to increase transmission loss in a controllable way.
IV. CONCLUSIONS
This paper presented a detailed modeling and analysis scheme for shape memory alloy hybrid composites. The foundation of this analysis hierarchy is the unified constitutive model developed from the Helmholtz free-energy and phenomenological considerations of the martensite volume fraction. Using the constitutive model, a nonlinear dynamical model for laminated plates was developed. A refined structural acoustic analysis method was also described which solves the problem keeping the essential geometric and dynamic elements intact; namely using the "composite" modes rather than the assumed characteristic modes. This analysis scheme also showed that there is, in fact, a displacement mode coupling even though the modes are themselves orthogonal. Two new coefficients were introduced, mode transformation coefficient, and the displacement mode coefficient, which are not only useful to determine the effect of actively varying the structural dynamic characteristics of a structure but may be useful for optimization techniques. The numerical results presented show that shape memory alloy hybrid composites are effective and versatile adaptive material systems for active structural acoustic and vibration control.
